A systematic study of η-Einstein trans-Sasakian manifold is performed. We find eight necessary and sufficient conditions for the structure vector field ξ of a transSasakian manifold to be an eigenvector field of the Ricci operator. We show that for a 3-dimensional almost contact metric manifold (M, φ, ξ, η, g), the conditions of being normal, trans-K-contact, trans-Sasakian are all equivalent to ∇ξ • φ = φ • ∇ξ. In particular, the conditions of being quasi-Sasakian, normal with 0 = 2β = divξ, trans-K-contact of type (α, 0), trans-Sasakian of type (α, 0), and C6-class are all equivalent to ∇ξ = − αφ, where 2α = Trace(φ∇ξ). In last, we give fifteen necessary and sufficient conditions for a 3-dimensional trans-Sasakian manifold to be η-Einstein.
Introduction
In [54] , Tanno classified connected almost contact metric manifolds whose automorphism groups possess the maximum dimension. For such a manifold, the sectional curvature of plane sections containing ξ is a constant, say c. He showed that they can be divided into three classes: (1) homogeneous normal contact Riemannian manifolds with c > 0, (2) global Riemannian products of a line or a circle with a Kaehler manifold of constant holomorphic sectional curvature if c = 0 and (3) a warped product space R × f C n if c < 0. It is known that the manifolds of class (1) are characterized by admitting a Sasakian structure, while the manifolds of class (2) are characterized by admitting a cosymplectic structure. Kenmotsu [30] characterized the differential geometric properties of the manifolds of class (3); the structure so obtained is now known as Kenmotsu structure. In general, these structures are not Sasakian [30] . In the Gray-Hervella classification of almost Hermitian manifolds [25] , there appears a class, W 4 , of Hermitian manifolds which are closely related to locally conformal Kaehler manifolds [61, 24] . An almost contact metric structure on a manifold M is called a trans-Sasakian structure [46] if the product manifold M × R belongs to the class W 4 . The class C 6 ⊕ C 5 [34] coincides with the class of trans-Sasakian structures of type (α, β). We note that trans-Sasakian structures include cosymplectic [5] , α-Sasakian [28] , Sasakian, β-Kenmotsu [28] , Kenmotsu and normal locally conformal almost cosymplectic [35] or fKenmotsu [43] structures. Moreover, these structures provide a large class of generalized quasi-Sasakian structures also [59, Proposition 2] .
On the other hand, on the basis of the studies done in [1] , [7] , [15] , [16] , [17] , [21] , [23] etc., there is a strong feeling that the concepts of pseudosymmetry, quasi Einstein and η-Einstein are closely related on 3-dimensional contact, Sasakian, Kenmotsu and trans-Sasakian manifolds. Keeping this fact in mind, we present a systematic study of η-Einstein transSasakian manifolds. Section 2 contains a brief review of trans-Sasakian manifolds and its particular cases. In this section we also find eight necessary and sufficient conditions for the structure vector field to be an eigenvector field of the Ricci operator (cf. Lemma 2.2). In Section 3, among others we show that for a 3-dimensional almost contact metric manifold (M, φ, ξ, η, g), the conditions of being normal, trans-K-contact, trans-Sasakian are all equivalent to ∇ξ • φ = φ • ∇ξ (cf. Theorem 3.5). In particular, the conditions of being quasi-Sasakian, normal with 0 = 2β = divξ, trans-K-contact of type (α, 0), trans-Sasakian of type (α, 0), and C 6 -class are all equivalent to ∇ξ = − αφ, where 2α = Trace(φ∇ξ) (cf. Theorem 3.9). In section 4, we study η-Einstein trans-Sasakian manifolds using concepts of quasi-Einstein and pseudo symmetric manifolds. We present fifteen necessary and sufficient conditions for a 3-dimensional trans-Sasakian manifold to be η-Einstein (cf. Theorem 4.19).
Trans-Sasakian manifolds
Let M be a differentiable manifold of odd dimension 2n + 1 (n ≥ 1). A 1-form η on M is called a contact form if η ∧ (dη) n ̸ = 0 everywhere on M , and M equipped with a contact form η is a contact manifold. Since rank of dη is 2n on the Grassmann algebra ∧ T * p M at each point p ∈ M , therefore there exists a unique global vector field ξ, called the characteristic vector field, such that η(ξ) = 1, dη(ξ, ·) = 0, and consequently £ ξ η = 0, £ ξ dη = 0, where £ ξ denotes the Lie differentiation by ξ. In 1953, Chern [14] proved that the structural group of a (2n + 1)-dimensional contact manifold can be reduced to U(n) × 1. A (2n + 1)-dimensional differentiable manifold M is called an almost contact manifold [26] if its structural group can be reduced to U (n) × 1. Equivalently, there is an almost contact structure (φ, ξ, η) [49] consisting of a tensor field φ of type (1, 1), a vector field ξ, and a 1-form η satisfying (2.1)
First and one of the remaining three relations of (2.1) imply the other two relations of (2.1). An almost contact structure is normal [50] if the torsion tensor [φ, φ] + 2dη ⊗ ξ, where [φ, φ] is the Nijenhuis tensor of φ, vanishes identically. We say that the almost contact structure (φ, ξ, η) has rank r if and only if the 1-form η has rank r. Consequently, (φ, ξ, η) has rank r = 2s if (dη) s ̸ = 0 and η ∧ (dη) s = 0, and has rank r = 2s + 1 if η ∧ (dη) s ̸ = 0 and
Let g be a compatible Riemannian metric with (φ, ξ, η), that is,
where X(M ) is the Lie algebra of vector fields in M . Then, M becomes an almost contact metric manifold equipped with an almost contact metric structure (φ, ξ, η, g). The equation (2.2) is equivalent to
Let M be an almost contact manifold equipped with an almost contact structure (φ, ξ, η). Let g be any Riemannian metric compatible with (φ, ξ, η). For a nonconstant positive function σ on M , the pseudo-conformal deformation g σ of g, defined by
is also compatible with (φ, ξ, η). Note that g is also a pseudo-conformal deformation of g σ . In particular, in dimension 3, we have the following An almost contact metric structure becomes a contact metric structure if Φ = dη, where Φ is the fundamental 2-form given by
In a contact metric manifold M , the (1, 1)-tensor field h defined by 2h = £ ξ φ, which is the Lie derivative of φ in the characteristic direction ξ, is symmetric and satisfies
A contact metric manifold is called a K-contact manifold [53] if the characteristic vector field ξ is a Killing vector field. An almost contact metric manifold is a K-contact manifold if and only if ∇ξ = − φ, where ∇ is the Levi-Civita connection. A K-contact manifold is a contact metric manifold, while the converse is true if h = 0. In a K-contact manifold, the curvature tensor R satisfies
A normal contact metric manifold is a Sasakian manifold. An almost contact metric manifold is Sasakian if and only if [51] (2.6)
Also, a contact metric manifold M is Sasakian if and only if the curvature tensor R satisfies the equation
A Sasakian manifold is always a K-contact manifold and the converse is true in the dimension three. Thus a 3-dimensional contact metric manifold is Sasakian if and only if h = 0.
An almost contact metric structure (φ, ξ, η, g) on M is a trans-Sasakian structure [46, 8] if
for some smooth functions α and β on M , and we say that the transSasakian structure is of type (α, β). The formula (2.8) is equivalent to
for all X, Y, Z ∈ X (M ). Trans-Sasakian manifolds are always normal [46] .
A trans-Sasakian structure of type (α, β) is reduced to be a
More generally a trans-Sasakian manifold of type (α, 0) with nonzero constant α is homothetic to a Sasakian manifold and is called a homothetic Sasakian manifold or α-Sasakian manifold [28] . Analogously, a homothetic Kenmotsu manifold (or β-Kenmotsu manifold) [28] is a transSasakian manifold of type (0, β) with nonzero constant β [28] .
In the classification of almost contact metric structures/manifolds, there appear two classes namely C 6 -class and C 5 -class [34] . The class C 6 ⊕ C 5 [34] coincides with the class of trans-Sasakian structures/manifolds of type (α, β). A trans-Sasakian manifold of type (α, β) is of C 5 -class if α = 0. The manifolds belonging to the class C 5 are also known as f -Kenmotsu manifolds [43] or a normal locally conformal almost cosymplectic manifolds (cf. [35] , [45] ). The class C 5 contains the class of β-Kenmotsu manifolds. On the other hand, a trans-Sasakian manifold of type (α, β) is of C 6 -class if β = 0. α-Sasakian manifolds belong to the C 6 -class. The cosymplectic manifolds are common to the C 6 -class and the C 5 -class.
A transformation in an n-dimensional Riemannian manifold M , which transforms every geodesic circle of M into a geodesic circle, is called a concircular transformation ([33] , [64] ). A concircular transformation is always a conformal transformation [33] . Thus, the geometry of concircular transformations, that is, the concircular geometry, is a generalization of inversive geometry in the sense that the change of metric is more general than that induced by a circle preserving diffeomorphism (see also [4] ). It is interesting to note that Kirichenko [31] obtained Kenmotsu structures from cosymplectic structures (that is, ∇φ = 0 (cf. [5] ) by the canonical concircular transformations [64] .
In a (2n + 1)-dimensional trans-Sasakian manifold M , the following results are known [21] 
for all X, Y ∈ X (M ), where R and S are curvature and Ricci curvature tensors, while Q is the Ricci operator given by
In a trans-Sasakian manifold of type (α, β), the functions α and β cannot be arbitrary and satisfy [21, Eq. (9)] (2.13) 2αβ + ξα = 0; thus a trans-Sasakian structure of type (α, β) with α a nonzero constant is always α-Sasakian. This conclusion is also obtained by a different method in [8] . In particular, in a trans-Sasakian manifold of type (α, 0), it follows that dα (ξ) = 0. The relation (2.13) was first/also obtained by Olszak [42, Eq. (16)] for the 3-dimensional case.
From (2.11) and (2.13), it follows that (2.14)
We close this section with the following
Lemma 2.2. Let M be a (2n + 1)-dimensional trans-Sasakian manifold. Then the following statements are equivalent:
(1) The structure vector field ξ is an eigenvector field of the Ricci operator Q.
(2) For each X ∈ X (M ), which is orthogonal to the structure vector field ξ,
The functions α and β satisfy
(5) The functions α and β satisfy
, which is orthogonal to the structure vector field ξ,
Proof. Equivalence of (1) and (2) follows from (2.12). It is easy to verify the equivalence of (2), (3) and (4) . Similarly, (5), (6) and (7) are equivalent. Operating φ to (2.16) we get (2.18) and operating φ to (2.18) we get (2.16); Thus (3) and (5) are equivalent. Equivalence of (2.16) and (2.21) follows from (2.12). In last, we note that (8) implies (9) and (9) implies (5).
In [58] , it is proved that a pseudo projective φ-recurrent trans-Sasakian manifold which satisfies φgrad α = (2n − 1) grad β is an Einstein manifold. We remark that the condition φgrad α = (2n − 1) grad β on a transSasakian manifold is a very strong condition on the manifold making the structure vector field ξ an eigenvector field of the Ricci operator Q, provided that dβ (ξ) = 0. Further it is proved that in a pseudo projective φ-recurrent trans-Sasakian manifold the characteristic vector field ξ and the vector field ρ associated to the 1-form are opposite directional. Thus in a pseudo projective φ-recurrent trans-Sasakian manifold all the equivalent statements of Lemma 2.2 are equivalent to the condition of ρ being an eigenvector field of the Ricci operator Q.
Trans-K-contact manifolds
Definition 3.1. An almost contact metric structure (resp. manifold) is called a trans-K-contact structure (resp. manifold) of type (α, β) [59] if it satisfies (3.1)
for some smooth functions α, β on M . In particular, if α = 1 and β = 0, then a trans-K-contact structure (resp. manifold) reduces to a K-contact structure (resp. manifold).
Proposition 3.2. In a trans-K-contact manifold, integral curves (trajectories) of the structure vector field ξ are geodesics.
Proof. From (3.1), it follows that ∇ ξ ξ = 0.
An almost contact metric manifold is a trans-K-contact manifold if and only if
It is easy to show that (3.2) is equivalent to
In a trans-K-contact manifold, it follows that [59, Proposition 2]
A trans-Sasakian structure is always a trans-K-contact structure and is normal. In particular, a Sasakian manifold is always a K-contact manifold. Now, we need the following
A necessary and sufficient condition for an almost contact metric manifold to be trans-Sasakian is given in the following (1) M is normal.
In any of these three cases
It is known that [42, Proposition 2] a 3-dimensional almost contact metric manifold M is normal if and only if
which is equivalent to [42, Proposition 2]
where α and β are the functions defined by 2α = Trace(φ∇ξ) = Trace {X → φ∇ X ξ} , (3.8)
Thus the statements (1), (2) and (3) are equivalent. Obviously, (4) implies (3) . In view of (3.5) and (3.7), it follows that
for all X, Y ∈ X(M ). This concludes the proof. In [44] , Olszak also obtained necessary and sufficient conditions for a 3-dimensional quasi-Sasakian manifold to be conformally flat.
In [34] , Marrero showed the nonexistence of proper trans-Sasakian manifolds of dimension greater than 3. More precisely, he proved that a trans-Sasakian manifold of dimension ≥ 5 is either α-Sasakian, or of C 5 -class (f - Kenmotsu) On the other hand, he showed the following method for construction of proper trans-Sasakian 3-manifolds (see also [41] ). 
η-Einstein trans-Sasakian manifolds
We begin this section with the following 
Definition 4.2 ([56]). The k-nullity distribution N (k) of a Riemannian manifold M is defined by
for all X, Y ∈ X(M ), where k is some smooth function. A contact metric manifold is said to be an N (k)-contact metric manifold [6] if the structure vector field ξ belongs to the k-nullity distribution N (k).
In 1990, Blair, Koufogiorgos and Sharma [7] proved that on a 3-dimensional contact metric manifold M equipped with a contact metric structure (φ, ξ, η, g) the following conditions are equivalent: More precisely, in a 3-dimensional N (k)-contact metric manifold, we have
A 3-dimensional contact metric manifold M satisfying one of the conditions (1), (2) or (3) A necessary and sufficient condition for a K-contact manifold to be η-Einstein is given in the following:
Proposition 4.5 ([55, Proposition 2.2]). A K-contact manifold is η-Einstein if and only if (R(X, ξ)·S)(U, V
For Kenmotsu manifolds, we have the following Moreover, if n > 1, then
Consequently, in an η-Einstein Kenmotsu manifold M of dimension greater than 3, if one of a and b is constant, then M reduces to be an Einstein manifold.
Example 4.7. From (4.2), we see that every 3-dimensional Sasakian manifold is η-Einstein and its Ricci tensor is given by
where r is the scalar curvature of the manifold.
Example 4.8 ([20]). Every 3-dimensional Kenmotsu manifold is η-Einstein and its Ricci tensor S is given by
where r is the scalar curvature of the manifold. 
Proof. In view of (4.1) and (2.14) we have
Also from (4.1), it follows that
From (4.6) and (4.7) we get
thus (4.1) becomes (4.5).
Remark 4.10. In a (2n + 1)-dimensional η-Einstein trans-Sasakian manifold, we see that Qξ
Consequently, in this case, all nine statements of Lemma 2.2 are true.
Example 4.11 ([8] ). Let (x, y, z) be Cartesian coordinates in R 3 , then (φ, ξ, η, g) given by 
for the associated vector field ξ. The 1-form η is called the associated 1-form and the unit vector field ξ is called the generator of the quasi Einstein manifold.
Chen and Yano [13] defined a Riemannian manifold (M, g) to be of quasi-constant curvature if it is conformally flat manifold and its RiemannChristoffel curvature tensor R of type (0, 4) satisfies the condition
for all X, Y, Z, W ∈ X (M ), where a, b are some smooth functions and T is a non-zero 1-form defined by g(X, ρ) = T (X), X ∈ X (M ) for a unit vector field ρ. On the other hand, Vrȃnceanu [63] defined a Riemannian manifold (M, g) to be of almost constant curvature if M satisfies (4.11). Later on, it was pointed out by Mocanu [37] that the manifold introduced by Chen and Yano and the manifold introduced by Vrȃnceanu were identical, as it can be verified that if the curvature tensor R is of the form (4.11), then the manifold is conformally flat. Thus, a Riemannian manifold is said to be of quasi-constant curvature if the curvature tensor R satisfies (4.11). If b = 0, then the manifold reduces to a manifold of constant curvature. Let (M, g) be a semi-Riemannian manifold with its Levi-Civita connection ∇. A tensor field F of type (1, 3) is known to be curvature-like provided that F satisfies the symmetric properties of the curvature tensor R. For example, the tensor R g given by 
In particular, if L is constant, M is called a pseudo-symmetric space of constant type [32] . A pseudo-symmetric space is said to be proper if it is not semi-symmetric. For details we refer to [9, 1] .
In the literature, there is also another notion of pseudo-symmetry. A semi-Riemannian manifold (M, g) is said to be pseudo-symmetric in the sense of Chaki [11] if
, where ω is a 1-form on (M, g). Of course, both the definitions of pseudo-symmetry for a semi-Riemannian manifold are not equivalent. For example, in contact geometry, every Sasakian space form is pseudo-symmetric in the sense of Deszcz [2, Theorem 2.3], but a Sasakian manifold cannot be pseudo-symmetric in the sense of Chaki [57, Theorem 1] . We assume the pseudo-symmetry always in the sense of Deszcz, unless specifically stated otherwise.
For 3-dimensional Riemannian manifolds, the following characterizations of pseudosymmetry are known (cf. [32, 17] ). 
then the following statements are equivalent:
(4) The curvature tensor R is given by 
(9) For each X ∈ X (M ), which is orthogonal to the structure vector field ξ,
(10) We have where r is the scalar curvature. Using (2) and (3) in the above equation, we get the statement (4). The statement (4) implies (2).
The statements (5), (6), and (7) are equivalent by [17, Proposition 3.4] . The statements (7)- (14) are equivalent by Lemma 2.2. In last, the equivalence of statements (14), (15) and (16) In a quasi Einstein manifold M if the generator ξ belongs to some knullity distribution N (k), then M is said to be an N (k)-quasi Einstein manifold [60] . In an N (k)-quasi Einstein manifold, k is not arbitrary and is always given by [47, Lemma 2.1]
If in an η-Einstein almost contact metric manifold, the structure vector field ξ belongs to the k-nullity distribution N (k), then we say that M is an N (k)-η-Einstein manifold. 
